Introduction
Recent advances in experimental research on cooling and trapping macroscopic samples of ultracold molecules represent the main support for theoretically investigating quantum phases, in particular, those resulting as a function of dimensionality and anisotropy. We can mention density ordered [1] , Berezinskii-Kosterlitz-Thouless (BKT) [2, 3] , Fulde-Ferrell-Larkin-Ovchinnikov-type (FFLO) [4, 5] and high T c superfluid Fermi phase among others [6, 7] . Of particular interest is the experimental realization of fermonic superfluidity in 2D since it represents the quantum simulator of highT c superfluidity and superconductivity, phenomena that are perhaps among the most fundamental and long standing condensed matter problems. The many-body phases here referred may arise in molecular ultracold gases as a consequence of microscopic few body interactions, namely, the suppression of bimolecular chemical reactions when polar molecules are confined in quasi-2D configurations [8] and the essential mechanism of two-particle quantum collisions that leads either, to binding scattering of pairs or bound dimeric molecules. Nowadays, one of the major successes in a laboratory of quantum matter is the capability of handling externally, both, the two-body interactions and adjusting/tuning light structures where the molecules can move. In this context, it is worth to mention the current experiments performed with confined ultracold 23 Na 40 K molecules in which absolute ground state has been achieved [9] , as well as the experimental realization of ultracold dipolar magnetic atoms in 2D where the interaction can be varied externally [10] . This system is very versatile in the sense that the interaction between molecules can be varied by changing the dipolar moment in each molecule, both in magnitude and direction, via externally applied electric or magnetic fields [11] . In this work we address the formation of Cooper pairs, bound states and dimer-dimer elastic scattering of dipolar Fermi molecules confined in a 2D square crystalline environment. For this purpose we consider molecules with its electric dipole moment aligned perpendicular to a double array of square optical lattices layers (see Fig. 1 ). This system can be thought as fermions in two different hyperfine states confined in a 2D square optical lattice with an effective interaction given by a dipolar interaction between molecules. We investigate the formation of both, bound molecular states and Cooper pairs [12] , as a function of dipolar molecule interactions maintaining fixed the ratio of the inter-layer spacing to the lattice constant defining the square lattice. The bound dimeric pairs problem is solved with the standard variational method, while the two-molecule scattering problem is analyzed as in the original Cooper situation, considering the formation of a bound pair resulting from the exclusion principle when a degenerated Fermi gas exists. We also investigate the formation of Cooper pairs for unbalanced Fermi energies of each species, molecules lying in layers A and B respectively. As it is well known such binding pairs are the precursors of the FFLO phases [4, 5] .
Previous studies for atoms with contact pseudo-potential interactions confined in a 3D lattice [13] have shown qualitative and quantitative differences of the Cooper problem with respect to the homogeneous situation, namely, pairs with nonzero center of mass momentum can be favored if the Fermi energy of each "spin" state of fermions differs [14] [15] [16] . Here, besides demonstrating these results for 2D lattices, we determined the dependence of the binding energy on the interaction strength of the long range dipolar interaction between molecules. Regarding the scattering of dimers composed of molecules we find an analytic formula to describe dimer-dimer interactions in the deep BEC regime when bound states are already formed. This result is promising in a double manner, on the one hand, current experiments with ultracold dipolar molecules allow for achieving superfluidity of BCS and bound dimers, and on the other hand, BEC-BCS crossover can be addressed theoretically since the terms defining the many-body Hamiltonian are already set. There exist literature concerning both, the study of dipolar gases at zero and finite temperature in homogeneous environments [17] [18] [19] [20] , and analysis taking into account lattice confinements [21, 22] . The present analysis dealing with few-body states of fermions is a key ingredient of the many-body systems dealing with the BEC-BCS crossover.
This work is organized in 6 sections. First in section 2 the model is introduced. Then, section 3 deals with the Cooper problem for both cases, balanced and unbalanced Fermi species populations. In sections 4 and 5 we concentrate in the analysis of bound states and their elastic scattering. Finally in section 6 we present a summary of our investigation.
Model
To address the study depicted above we consider the following model: polar Fermi molecules are placed in a couple of 2D parallel square optical lattices, of lattice constant a, with the dipoles aligned perpendicular to the bilayer arrangement (see Fig. 1 ). This assumption allows us to neglect the intra-layer interaction and to concentrate in the dominant interlayer interaction [23, 24] . The interlayer interaction is given by
being d the dipole moment, λ the separation among the layers, and r the intra-planar distance r = |x A − x B | = (x A − x B ) 2 + (y A − y B ) 2 , with A, B the labels for Fermi molecules in each layer. Considering this definition, here and hence forth all the distances are considered within a single layer. It is convenient to introduce two dimen- sionless parameters, the scaled separation among layers Λ = λ/a, and the effective interaction strength χ = a d /λ = m e f f d 2 /(ħ 2 λ), written in terms of the effective mass of an isotropic lattice m e f f = ħ 2 /2t a 2 , being t the hopping strength among nearest neighbors. For current experiments [9] having a = 532nm, it is possible to induce dipole moments as large as 0.8D. We are considering molecules in its absolute ground state, in those experiments having strong lattice confinement, the recoil energy E r = ħ 2 k 2 /2m (where m is the molecular mass and
y the wave vector defining the square lattices V l at t (r) = V 0 sin 2 (k x x) + sin 2 (k y y) ) is much smaller than the intensity of the optical confinement V 0 , thus implying that for a separation λ ≈ 0.75a one obtains 0.4 < χ < 2.0. All of our calculations were performed taking into account these values for the parameters.
Cooper problem
Schrödinger equation for the two body wave function
whereT α is an operator that includes the kinetic energy and the optical lattice confinement. Because of the form for the interaction among fermions of types A and B , the two-body Schrödinger equation can be rewritten in terms of the center of mass and relative intra-planar coordinates R and r respectively. Considering this observation and following the same reasoning as that in the original Cooper formulation, one can propose a two-molecule wave function as the product Φ(x A , x B ) = e i K·R u K (R)ψ(r), being K the center of mass wave vector in the reciprocal space belonging to the first Brillouin zone, u K (R) a periodic function having half period of the square lattice and ψ(r) a relative wave function to be determined. In this ansatz we have assumed both, that the lattice is deep enough to consider the lowest band only and that the tight binding approximation holds. It is important to note that because of the distinguishability of the molecules A and B it is not necessary to write the antisymmetric wave function for the pair. It is straightforward to show that the equation that ψ(r) satisfies is,
where
, where δ i = aê i ,Î is the 2 × 2 identity matrix andê i the unit vector along the i direction. Expanding the wave function for the relative coordinate ψ(r) in terms of the relative momenta q
and defining
one ends with Eq. (3) written in the momentum representation,
Here it is important to stress the qualitative difference of the present study with respect to the original homogeneous Cooper 3D situation [12] . Namely, that the dependence of the center of mass and the relative wave vectors can never be decoupled when the pair is scattered in the presence of the lattice. In view of the last equation we arrive to an equation for the energy E that reads,
where the prime in the momentum q indicates that the sum has to be restricted to the allowed states. These values of q are, as in the Cooper problem, associated to a pair of molecules interacting in the presence of a quiescent Fermi sea. Thus, the amplitudes for states already occupied are forbidden as a consequence of the exclusion principle. This means that in the sum we should include states, vectors with relative momentum q, that simultaneously satisfy
In accordance with the above argument we look for solutions ψ(r) having energies E = A F + B F − ∆, with ∆ > 0, that is, with less energy that the sum of Fermi energy of each layer. Investigation of these energies lead us to determine the energy gap, for different values of the parameter that characterizes the interaction, as a function of the center of mass momentum vector K and of the Fermi energy in layers A and B . All of our numerical calculations were done considering N x = N y = 5 × 10 2 . Numerical calculations with larger values of sites produce the same results. First, we concentrate in studying the dependence of the energy gap as a function of the Fermi energy for symmetric lattices. Namely Fig. 2 we plot ∆ as a function of the Femi energy, considering several values of χ for a fixed value of the interlayer separation. For simplicity we assume K x = K y = 0. Squares, circles and triangles, correspond to χ = 0.4, 0.5 and 0.6 respectively. As in the study performed for 3D square lattices [13] , we found that the binding energy increases and reaches a maximum value as a function of the Fermi energy. Then, when Fermi surfaces change from close to open the binding energy shows an exponential decay of the form ∆ ∼ exp − F /α , being α ∼ χ. We also notice that as the interaction strength increases the binding energy has a maximum value that becomes shifted as the Fermi energy decreases. One can interpret this behavior as a result of the competition among the saturation of the filling factor against the interaction strength, which when increasing together produce an insulating phase. Next, for illustrating the influence of the energy gap on the center of mass momentum K, in Fig. 3 we plot the dimensionless energy gap ∆/t as a function of K x a assuming K y = 0 for χ ranging in the interval [0.4, 0.6], considering similar circumstances as those in Fig. 2 (
We observe that the maximum value of ∆ occurs for center of mass momentum near K = 0. As before, the largest the effective interaction is, the greater the binding energy become.
To complement the study of the Cooper problem we analyze the dependence of the energy gap on the center of mass momentum for non-symmetric values of the Fermi energy in layers A and B . To exemplify that formation of pairs also happens in this case, we select χ = 0.5 and determine the behavior of ∆ for unbalanced Fermi energies ∆ = A − B . In Fig. 4 we plot several curves of Copyright line will be provided by the publisher
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Figure 2
Energy gap ∆ as a function of the Fermi energy in a symmetric lattice
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• χ=0.5 the binding energy associated to unequal Fermi energies ∆ = 0.1, 0.2, 0.3, 0.5. We find, as in the previous study for two-body contact interactions in 3D [13] , that in systems with unequal Fermi energies formation of Cooper pairs of nonzero center of mass momentum is favored. We also reach the conclusion that when the difference among the Fermi energies A F and B F is too large, the Cooper pair cannot be formed. One can explain this behavior as caused by the imbalance in the filling factors which results in the impossibility of pairing molecules of type A lying on the surface with other molecules having largest Fermi energy. However, by properly adjusting the populations of molecules in each layer, the binding energy can be maximized and therefore FFLO phases can be observed.
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ In Fig. 5 on the left we illustrate the possible pairs that can be formed in our model. We should stress that the for typical experiments with ultracold molecules, confining them in square optical lattices in 2D, this cartoon represent plausible size of pairs. It is interesting to note functional integral calculations of the BCS state at T = 0 [22] predicts similar values for the binding energy than those here obtained for the two-body problem.
Bound states of molecules
Now we investigate the existence of true bound states in the square lattice, namely, molecular bound states which are dimers composed of two molecules. To determine the energy of the dimer we use the standard variational method, proposing a two molecule wave function describing the bound pair. We investigate this energy taking into account the dependence on the effective interaction between molecules measured in terms of the parameter χ, for a fixed value of the bilayer array λ = 0.75a. The ansantz for the two body problem is
with ψ(r) = Ae −γr , being γ a variational parameter and A a normalization constant. K is the reciprocal center of mass wave vector in the first Brillouin zone. We numerically solve the equation
. As in the case of Copper problem our calculations were done considering N x = N y = 250. In Fig. 6 we plot the energy as a function of χ. We notice that solutions start to appear from a particular value of χ, that is, for smaller values of χ ≈ 0.49 the molecules form a scattered pair. The inset of this figure includes several curves of E B as a function K x for χ = 0.4, 0.6, 0.8, 1.0. As can be appreciated from this figure, the trial wave function that we choose does not allow the formation of bound states for arbitrary values of χ.
Because of the symmetry of the square lattice, analogous results for E B as a function of K y are obtained. As Fig. 6 demonstrate, formation of bound states is favored for the center of mass K = 0 as in the unpolarized Fermi system.
Figure 5
We illustrate in this scheme the possible Cooper pairs (dotted lines) and dimers that can be formed in the bilayer array. On the left Cooper pairs are shown, while on the right shadow ellipses illustrate a couple of bound dimers of molecules.
Scattering of bound molecules
To complete the analysis of the problem for the bound states we now investigate the elastic scattering of interacting pairs, that is, the scattering among dimers composed of two molecules. In Fig.5 we show schematically two bound pairs of molecules lying in the bilayer array. The molecules composing those bound pairs are labeled with numbers 1 and 2, and 3 and 4 respectively. We assume that these dimers form a couple of rigid dumbbells with a bound energy E B and a wave function φ B (x A , x B ). The dumbbells do not have vibrational nor rotational degrees of freedom. Thus, although molecules interact each other, bound pairs tunnel across the dumbbell jointly. The fourbody Hamiltonian of such a system is,
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where the operatorT i contains, as before, the kinetic energy and the lattice confinement potential. We look for solutionsĤ φ(x 1 , x 2 , x 3 , x 4 ) = E φ(x 1 , x 2 , x 3 , x 4 ). For this purpose we first define the center of mass and relative coordinates in terms of x i , i = 1, .., 4, as follows,
being R 1 = (x 1 + x 2 )/2 and R 2 = (x 3 + x 4 )/2. The wave function φ is symmetric with respect to the permutation of the dimers and antisymmetric with respect to permutations of molecules within the same lattice. We proceed in the same way as in the Cooper problem expressing the Schrödinger equation in terms of this coordinates, considering tunneling of nearest neighbor only. The ideal term in this case becomes:
where J is the tunneling coupling constant of dimerized molecules, J = t
. Since the interaction between molecules
Copyright line will be provided by the publisher is independent of R, a solution of the form φ (r 1 , r 2 , r, R) = Φ(r 1 , r 2 , r)U K (R)e i K·R can be proposed, being K the reciprocal wave vector of the center of mass of the four-body system, and U K (R) a periodic function with half-period of the square lattice. After we substitute this anzats into the four-body Schrödinger equation, multiply by U * K (R), and sum over the vectors R we obtain,
In the deep BEC regime, namely when the wave function describing each bound pair is sharply localized, one can write a decoupled solution of the form Φ(r 1 , r 2 , r) ≈ ψ(r 1 )ψ(r 2 )ϕ(r), where ψ(r 1 ) and ψ(r 2 ) are the variational wave functions describing the bound pairs determined above. In addition to these substitution, one can write ϕ(r) = q ϕ q e i q·r . Then, after summing over the r 1 and r 2 coordinates, we obtain the equation for ϕ q ,
where ξ B = E B + 8t and the effective interaction potential is given by,
This effective potential comes from the interaction between molecules belonging to different dimers. When the sums over r 1 and r 2 is replaced by an integral
3 . Thus, from this expression for the effective interaction between dimers one arrives to the conclusion that the dimer-dimer interaction is screened by a factor of f (|q
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where d (k) = ξ B − 2J i =x,y cos(k i a), and the subscript d make explicit the fact that single components are the Bose dimers formed by pairs of molecules [26, 27] .
Final remarks
We have solved the problems of Cooper pairs, molecular bound states and scattering of bound dimers, of dipolar Fermi molecules confined in a double array of square optical latices in 2D. We determined the influence of both, the finite range interaction potential and the lattice confinement on the optimal binding energy of the Cooper pairs, the bound states or dimers composed of two molecules and the dimer-dimer elastic scattering. Numerical calculations for square lattices of size N x = N y = 5×10 2 allowed us to demonstrate that zero center of mass momentum bound pairs are favored, while being this picture modified in the case of Cooper pairs. Polarized and unpolarized populations in each layer produce maximum binding energies for non-zero and zero pair momentum center of mass pair momentum respectively. We also found that the binding energy of Cooper pairs is maximized as the intermolecule interaction strength increases. In addition to the two-molecule problem we studied the elastic scattering between dimers formed by two molecules and found a closed formula for the effective dime-dimer interactions in the deep BEC regime were bound pairs are already formed.
Given the correspondence among two-component Fermi systems confined in 2D crystalline environments and the model here proposed, the present study is promising for achieving superfluidity in 2D lattices within the current experimental research. Even more, considering the possibility of externally modifying the electric field or magnetic field [9] , to controlling two-molecule interactions, our model provides the specific form that the dimer-dimer interaction must have in the deep BEC to address the entire crossover from BCS to BEC regimes from a theoretical perspective.
